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Abstract

The decoherence and entanglement dynamics of two interacting qubits coupled
through Heisenberg XY interactions to a spin bath in thermal equilibrium are
studied. The exact form of the reduced density matrix is derived for finite and
infinite numbers of environmental spins. It is shown that decoherence can be
minimized at low bath temperatures and strong coupling between the qubits.
Some initial product states evolve into entangled ones, initially entangled states
lose completely or partially their entanglement. The relation between the
fidelity and the concurrence is also investigated.

PACS numbers: 03.65.Yz, 75.10.Jm, 03.67.Mn, 73.21.La

1. Introduction

Entanglement is the most intriguing feature of quantum mechanics. It is a nonlocal
correlation between separate quantum-mechanical systems which does not have a classical
counterpart. Besides its fundamental importance in the foundation of quantum mechanics
[1-3], entanglement is considered as a valuable resource for quantum communications and
information processing [4-9] since it helps speeding-up implementation of quantum algorithms
and quantum communication protocols [10]. Considerable effort, both theoretically and
experimentally, have been devoted to the understanding of entanglement. Recently, intense
interest has been given to interacting spin systems which were proposed as candidates to
achieve gate operations in solid-state quantum computation processors [11, 12]. This choice
is motivated by the fact that such systems can be easily manipulated (e.g. by tunnelling
potentials and energy bias), and scaled up to large registers. Hence, it is important to investigate
entanglement generation and dynamics in spin systems.

On the other hand, quantum systems suffer decoherence because of their unwanted
interactions with the surrounding environment. The decoherence process is indeed the major
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obstacle for quantum information processing because it directly affects quantum interferences
and correlations (entanglement) of quantum systems, leading them to behave classically
[13—15]. Many strategies such as error-correcting codes and decoherence free subspaces were
proposed in order to protect fragile quantum information against the detrimental effect of
decoherence [16-22]. A number of theoretical studies have dealt with bosonic environments
for which the Markovian approximation along with the master equation approach is often used.
It turns out that the main contribution to decoherence in many solid-state systems (e.g. quantum
dots) arises from the coupling to localized modes like nuclear spins, which can be effectively
regarded as spin baths [23]. Recently, attention has been focused on the non-Markovian
dynamics of multi-qubit systems interacting with spin environments [24-29]. In our earlier
work [24], we have studied the reduced dynamics of the two-qubit system coupled through
Heisenberg XY interactions to the spin star bath which was assumed at infinite temperature.
We neglected the interaction between the central qubits. Later, Yuan et al [25] derived the
dynamics of the two interacting qubits for particular initial states and finite bath temperature,
using Holstein—Primakoff transformations expanded up to the first order with respect to the
number of environmental spins. The elements of the resulting reduced density matrix were
given in the thermodynamic limit by infinite series. In the following paper, we derive the exact
dynamics of the central qubits, for an arbitrary number of environmental spins at finite bath
temperature, without making recourse to any approximation. The key ingredient in this case
consists of the underlying symmetries of the model Hamiltonian which facilitate the derivation
of exact analytical results.

The paper is organized as follows. In section 2, we introduce the model Hamiltonian of
the composite system qubits-bath. In section 3 after we derive the analytical form of the time
evolution operator, we calculate the reduced density matrix for both finite and infinite number
of spins in the environment. In section 4, we investigate decoherence and entanglement
evolution of the two-qubit system for different initial states. A brief conclusion ends the paper.

2. The model

The system under consideration consists of a pair of interacting spin-% particles (qubits)
coupled to a quantum bath composed of a large number of spin-% particles in thermal
equilibrium at temperature 7. The number of environmental spins is denoted by N. The
Hamiltonian of the composite system is given by the sum of three operators, namely

H = Hy+ Hg + H,. (1)
H)j describes the interaction between the central spins, it is given by the anisotropic Heisenberg
Hamiltonian

Hy = Q(axl O’XZ + 0; oyz) + Aazl 012, 2)
where A and Q denote the strength of interactions, and o (with v = x, y, z) is the v-component
of the pauli operator ' associated with qubit number i. The corresponding spin-flip operators
are defined by o} = o} £ 0.

Similarly, the environmental spins interact with each other through long-range anisotropic
Heisenberg interactions. These are described by the bath Hamiltonian

N
g i Qi i ol i Qo
Hy = Z(SBXS{;X + S5 Sk, + ASE S}). (3)
i<j
where ng (i =1,2,...,N) are the spin operators of bath constituents, g is the strength of

interactions and A is the anisotropy constant. The central spins couple to the environment
through Heisenberg XY interactions; the corresponding Hamiltonian operator is given by
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N N
o i i
H, = T [(a; +07) ?:1 Spe + (o) +07) ;:1 SBy] : )

In the above equation « designates the coupling constant of the qubits to the bath. Note that
the coupling constants g and « are rescaled by, respectively, N and /N in order to ensure
good thermodynamical behaviour.

By introducing the total spin operator of the environment, J= 5 Z _, 07, together with
the corresponding lowering and raising operators, J. = J, £ iJ,, it can be shown that (up to
a trivial constant)

o 8
H,+H3=ﬁ[(o +o})J_+ (ol +o )J+]+ﬁ[ +(A - DY) 6)
Clearly, the model Hamiltonian is invariant under rotations with respect to the z-direction.
One can show by a direct calculation that the operator J, + S 't Sz, 2, where S = P = zaz , commutes

with H,ie.[H, J,+ S} + Sf]_ = 0. This simply implies that the Z- component of the total spin
of the composite system is conserved.

The spin space corresponding to the central system is given by C> ® C> = C! @ C>. The
subspace C? is spanned by the state vectors |1, —1),|1,0) and |1, 1). These are related to
the basis Vectors of C* ® C? (called computational basis vectors) by |1, £1) = |£, &) and
[1,0) = [ (F-+) + |+ —)). The space C!, in turn, is spanned by the antisymmetric maximally

entangled bell state |0,0) = JLEG_ +) — [+ —)). The above equalities fully determine the
unitary transformation that enables us to go from one basis to the other.
The standard basis of the bath space, (C*)®", is composed of the joint eigenvectors of J>
and J; which we denote by | j, m), where lej, m) = j(j+1|j,m)and J;|j, m) = m|j, m).
Note that 0 < j < N/2 and —j < m < j. One can then decompose the spin space of the
environment as the direct sum of subspaces Ccd , each of which has dimension d; = 2j + 1,
namely
N/2
CH®N =P, jHC. ©6)
j=0
Here v(N, j) is the multiplicity associated with j. In order to determine the explicit value
of v(N, j), let us introduce the subspace F,, of vectors ¥ € (C2)®V satisfying J.9 = mv
[30]. The latter space can be decomposed as a direct sum of subspaces E;, formed by

the vectors ¥ for which J29 = j(j + 1)&. Thus, we simply have F,, = @7/2 E;,, and

dim(F,,) = ZN/ 2 dim(E; ;) = (ff ) From the above, it immediately follows that
2

2

. . : N N
u(N,J)=dlm(Fj)—dlm(Fj+1)=(ﬂ ->_<ﬂ_j_1>' @
2

3. Exact time evolution

This section deals with the derivation of the exact reduced dynamics of the central qubits. The
time dependence of the total density matrix describing the state of the composite system is
given as usual by

prot (1) = U) prot (O)U' (1), ®)

where U(¢#) = exp(—iHt) is the time evolution operator and py(0) is the initial total density
matrix. In the following, after we introduce the initial states of the central system and the bath,
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we derive the exact analytical form of U(¢), then we calculate the time-dependent reduced
density matrix p(¢) for both finite and infinite number of environmental spins.

3.1. Initial conditions

At t = 0 the central two-qubit system is assumed to be decoupled from the environment. This
means that p(0) factorizes into the following direct product:

Prot(0) = p(0) ® pp(0), €))

where p(0) and pp(0) are, respectively, the initial density matrices corresponding to the
two-qubit system and the environment.

Initially, the spin environment is taken in thermal equilibrium at the finite temperature 7.
The density matrix pg(0) is simply given by the Boltzmann distribution

05(0) = Le—%UH(A—I)Jﬁ], 10,
Zy

6 . .. . . .
where Zy = trp { e o[/ PHA=D ] } is the partition function corresponding to the spin bath and
B = % is the inverse temperature. Note that the Boltzmann constant is set to one, i.e. kg = 1.
The partition function Z, can be expressed as [31]

NJ2 j
. _8Brici _ 2
Zn = ZU(N’J) Z e~ v liG+D+(A-Dm*] (11)
j=0 m=—j

In particular, we have limg_.g p5(0) = 2Ny, where Iy stands for the unity matrix in the
bath space.

Let us now assume that at # = 0 the two-qubit system is prepared in the normalized state
|W(0)) =Y, a;|&), where |&) € {|1,—1),]1,0), |1, 1),]0,0)} and }_; |a;|* = 1. Therefore,
the initial density matrix of the central spins can be written in the standard basis of C' @ C> as

4
p(0) =Y pll&) &, Pl =aal,y ph =1. (12)
ij i=1

The time-dependent density matrix p(#) is calculated by performing the trace with respect to
the environmental degrees of freedom, i.e. p(¢) = trg{pi(¢)}. This can be rewritten in terms
of the common eigenvectors of J2 and J, as follows:

N/2 Jj
P =0 S v, ) 3 GmUOIE) ps O ENU DL jm). (13
k.t j=0 m=—j

3.2. Time evolution operator

Before we proceed with the determination of the reduced dynamics, it should be noted that the
evolution in time of the central qubits depends on the nature of interactions between the spins
in the environment. In the case of single central spin it is found that for antiferromagnetic
interactions within the bath, the effect of the anisotropy constant A can be neglected when the
number of environmental spins becomes sufficiently large (typically of the order of 100) [29].
The above result is independent of the number of central qubits as long as their coupling to
the bath does not include interactions of the form azi ® J.. Hence, it is sufficient to investigate
the isotropic case which exhibits the advantage of making our model exactly solvable. This
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is mainly due to the fact that [Hp, H;] = 0 when A = 1, implying that the time evolution
operator reduces to exp{—i(Hy + H;)}.

It is worth mentioning that due to symmetry, states belonging to C? and C! never mix; they
evolve independently from each other without leaving the subspaces to which they belong.
Thus we can write the model Hamiltonian as the direct sum of two operators living in the
above subspaces. Indeed, the Hamiltonian operators Hy and H; can be written in C® ((C2)®N
(up to a trivial constant for Hy) as

e 0 0 y (O 40
Hy=|0 — 0|®Iy, H=—|J, 0o 5], (14)
0 0 « YN\o s o

where € = A — Q. Similarly, in the subspace C' ® (C*)®" we can rewrite the free Hamiltonian
as Hy = —«ly, where k = 3Q2 + A. Since the action of the interaction Hamiltonian vanishes
in this subspace, it immediately follows that H" = (—«)". Furthermore, it can be shown that
in C* ® (C*)®V the operator Hy anticommutes with Hy, i.e. [Hy, H;], = 0and H> = H? +¢€.
We have shown in [24] that in C*® ((C2)®N , the powers of H; are given by

LK"Y 0 LKL

2n
o
HY" = <—> 0 K" 0 , (15)
VN J_K"'J_ 0 J_K"'J,
o 2n+1 0 J+Kn 0
H"™ = (ﬁ) K'J. 0 K'J.|, (16)

0 J_K" 0

where K = J,J_+J_J, = 2(] 2 Jzz). Using the above relations it is possible to derive
general expressions for even and odd powers of H = Hy + H;.
As an example, let us calculate lel" We have forn > 1

H> =3 HPF 0P <Z> . (17)
k=0

Therefore,
H]2f1 — 6211 +J, ZdZZKK—IGZ(n—Z) <’Z) J = 62n (18)
=1
n ~00 2n 2, 52 n 2n
a nepy (10 € N (ec+a“K)' —e
+J+Z[7K‘fez< 2 (z) —7} J_=€e"+, < J_, (19)

£=0

where we have introduced & = «/+/ N for the ease of notation. Using the same method we
get

2,52\ 2n 2,52 g\ 2n
62" +J+(e +& g) € I 0 J+(E +a ﬁ) € ]+
H™ = 0 (> +a*K)" 0 , (20)
2,~2 n 2n 2,2 n 2n
J_%J_ 0 €2+ J_%L
2,52\ 2n ~ - 2,52\ 2n
el e (R g al. (2 + & K)" eJ R,
H ! = ae+ak)'J_ —e(e2+a*K)" aer+a*K)'J,
2,520\ 2n ~ ~ 2,52\ 2n
eJ R ] @) (E+@K) e e SR,

21



11574 Y Hamdouni

Now we have all the ingredients that enable us to derive the explicit form of the time
evolution operator. Indeed, expanding U(¢) in Tailor series and using equations (20) and (21)
we find that the matrix elements of the time evolution operator in the space C> @ C' are given
by h=1)

_ . cos(tM) —cos (et) .esin(tM) — M sin(et)
Uy (t) = exp (—iet) + J, |: e —1 N ] J_, (22)
Vo) = —iacs, 0, @3)
Un() = J. [cos(tM) — cos (et) B ie sin(tM) — Msin(et):| ... 24)
K KM
Un (1) = cos(tM) + ie Si";;M), (25)
._sin(tM)
U3 (1) = —ia M I+, (26)
Uss (1) = exp(—ier) + /. I:cos(tM)I; cos (ef) ie sin(tM)K—MM sin(et)i| 5. o7
Ur4(1) = Ung(1) = Usy(1) = 0, (28)
Uas (1) = exp(ixt), (29)

where we have introduced the operator M = /€% + @K /N. The remaining matrix elements
can be found by simply taking the transpose (not the Hermitian conjugate) of those listed
above. Taking into account the trace properties of the lowering and raising operators, it can
be shown by virtue of equation (13) that the elements of the reduced density matrix can be
written as

pui(t) =t ps(O) [ oY, U1 (OU], (1) + pRUn (U (1) + p3Uns (U (1)} (30)
p12(1) = trp{ p5(O) [P U (UL (1) + p3Un (UL ()]} 31)
p13(1) = trp{ps(O) [P Un (O UL(1)]} (32)
p1s(t) = trg{ p5 () [P, U1 (UL ()]} (33)
(1) = tr5{p5 () [ Uat (VU (1) + pUn () UL (1) + p U3 () U35 (1)]} (34)

[P O [P Un (UL (1) + p%Un (UL (1]} (35)

{ (09U (1)UL, (0]} (36)
p3(1) = trp{p5(0) [P Usi (VUL (1) + pS U () UL (1) + p Uss (U35 (1)]} (37)
p3a(1) = trp{ps(0) [P, Us3s (UL (1]} (38)
paa(t) = piy. (39)

23(t) = trp1pp(0)| p

p24(t) = trp1op(0)| p

The remaining matrix elements are obtained by taking the complex conjugate of those listed
above.

Figure 1 illustrates the time dependence of some elements of the reduced density matrix
for different values of the number of spins in the environment. We can see that the curves
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at

Figure 1. Evolution in time of some elements of the reduced density matrix for different values of
environmental spins: N = 10 (solid lines), N = 100 (dashed lines) and N = 300 (dotted lines).
The initial state corresponding to p11(¢) and ppy(¢) is the product state |— —). Here we have set
p?z = ,033. The parameters are € = « and gf = 10.

corresponding to each matrix element get more and more closer from each other as the number
of bath spins increases. If we let N take sufficiently large values (N ~ 100), then the curves
saturate with respect to N and become almost identical. In the following subsection we study
the case in which N — oo. All the results regarding decoherence and entanglement evolution
will be studied in this limit.

3.3. Infinite number of spins in the bath

In order to study the limit of an infinite number of environmental spins it should be stressed
that the operators Jy as well as J, are traceless in the standard basis formed by the common
eigenvectors of J2 and J.. Moreover, the scaled lowering and raising operators J1. /+/N are
well-behaved fluctuation operators with respect to the tracial state on the bath, and satisfy

k n;
JoJ_\" n!
lim 27Vt = —, 40
Nl—l;noc Tz 11] ( N ) omn ( )
where n = Zf;l n; and n; € N. This follows from the fact that [24, 27]
" 2N N"p)
tI'B{(J+J_) } ~ 2—n (41)

Thus , J,/+/N converges to a normal complex random variable, z, with the probability density
function [24]

2 2
> —e 21, (42)
T
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In particular, we can infer that

lim 2 Vtrp {f (Jij¢>} = %fcf(lzlz) e 21 d4z dz* (43)

N—oo N

provided that | f(z)| does not increase faster than e 2" for all z € C. This is typically the
case for the functions e 4" i(r2) where |h(r?)| < 0o, r € R and Re(a) > —2. Similarly, the
operator J./+/N converges to a normal real random variable, 7, with the probability density
function

s |2 (44)
T

In this case, a similar equation to (43) can be obtained by replacing J./+/N and |z| by
J./~/N and 7, respectively. We have already mentioned that for antiferromagnetic interactions
within the bath, isotropic and anisotropic Heisenberg Hamiltonian operators with A > 0 are
completely equivalent when N — oo. Let us explain this a little bit. One can see that pp(0)
always appears between two matrix elements of U(¢). If we exchange the order of pp(0)
with one of the above matrix elements, which is possible using simple commutation relations,
we end up with extra operators of the form J,/N. These can be indeed neglected when
N — oo. Then using the cyclic property of the trace, it is possible to transform any function
Yijke = Ujj U/je inside the trace sign into a function which depends on %f Hence, for all
AZ>20

. 1 —sB (g2 JoJ
(Tijke) = lim = oy 18 {ezmj HAWZZ]TW( ; $)}
N—=00 trp {GWU +(A—l)fz]} N

_ Je Jeexp{=Q2+gB/D) |z — 2+ gBA/2)T*) Yije(I2)?) dT dz dz*
a Je Joexpl—=2 +gB/2)IzI* — 2+ gBA/2)r?} dr dz dz*

[ e e/, L (P dr
[ e @by dr

o0
= (4+gp) f e (P dr, (45)
0

where we have used polar coordinates (r, ¢) to simplify the integrals with respect to the
complex variable z = re'?. Clearly, the latter expression is independent of A. Using the
above result we find that

(UllUlT1> = <U11U3T3> = (U33U§3>

= 1[3 + 3 Q1) +2cos(et) f(1) + g(t) + 2sin(e) £(1)], (46)
(UUh) = (UnUL) = (UnUL) = (UnUL) = h), 47
(UsUL) = 1[3 + 1 F@21) — 2cos(er) £ (1) + g(r) — 2sin(en)€(n)], (48)
(U11U§2) =13+ 3120 — g(t) —ilQ20) +e7(f (1) —il(1)], (49)
(UnUL) = 111+ @) +28(0)1, (50)
(UnUL) = L[1+1F@0) — g() +1€20) + e (f (1) +i€(1)], (51)
(Un) = Uss) = | f) =it +e7) (52)

(Un) = f(1) +1L(2). (53)
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Here we have introduced the functions

P —
() = (cos(tv/e +2r2)), g(t) = <625H‘(26ﬂ>,
€2 +2r2
(54)
i = (2SI +2r) oy _ [ sinave@+2r)
=g ) to=(c o).

where € and ¢ are, respectively, given in units of «~! and «. Let us derive, for example, the
explicit expression of £(f). We have

: /2 2
—(@+gp/D)r? sin(tv/ €% + 2r )r dr
Ve2+2r2

E e2 ad 7)2
= 5(4 +gB)eT¢eEd) / dne™ =8P sin(nr), (55)

€

£(t) =€(@d+gp) /ooe
0

where we have made the change of variable n> = €2 + 2r2. The above expression can be
further simplified to

62 l2 o _s2
E(t):e\/4+gﬂexp|:z(4+gﬂ)—4+gﬁ:|lm{/a e dé}, (56)

where § = /4 +gB — iﬁ, a=54+gp— i@ and Im(x) stands for the imaginary
part of x. The latter integral is nothing but the complementary error function [32], which can
be transformed into a sum of two ordinary error functions and we simply get

. 2 2
E(t)=1\/_$\/4+gﬂe><p[%(4+gﬂ)— : }

4+ gp
€/2(4+gp) — it €24+ gB) +it
S Rl R R | B
with
2 7 .

erf(z) = ﬁ/o e ' dr. (58)

Following the same method we find that
it b €2 1?

f(t) = cos(et) + ) @exp [Z(4+gﬂ) — 4+g,3}

X{ f|:6/2(4+g/3)+iti|_ f|:e/2(4+g,3)—iti|} (59)
2(1) = (4 +gp) o b [0’ i(4+g,3)j| _ E4+gh) o5 @)

8 4 4

X /oo dr COS(rzrt) &) (60)

=1~ Sargpetenr]o Car ] - Leoseen
T4 16 TEPE VI 4 cO%e

+i_t T [i(4+ 8) — 412 ]{ f|:6/2(4+gﬂ)—21t]
WNargp P2 T g [\ Vavep
. 2 . o B
—erf [6/2(4157_}2)/3-'- 21t:| } + € (4;g’3) e%(‘*’rgﬁ)/E drcos(rﬂ e—’T(4+gﬂ)’ (61)
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P11 (t)

Figure 2. Comparison between the behaviour of p1 () obtained for finite and infinite number of
environmental spins: N = 100 (solid line), N = 300 (dashed line) and N — oo (dotted line).
The initial state is |— —) with € = « and g = 10.

where
o0
I'(a,z) = / e dr (62)
Z

is the incomplete gamma function. Note that the integral in equations (60) and (61) cannot be
calculated analytically; we leave it in that form.

Using the Riemann—Lebesgue lemma it is possible to find the asymptotic behaviour (i.e.
when ¢ — 00) of the above functions, namely

f(00) = €(00) =0, (63)
62 &2 62
g(o0) = §(4+gﬂ)67(‘”g’3)F [0, Z(4+gﬁ)} : (64)
h( )—l—i(4+ B) ‘f<“+gﬁ>r[0 E—2(4+ ﬂ)} (65)
Ty T 16 TEPE IVl

Furthermore, we can prove using the following asymptotic expression of the incomplete
gamma function [32]

-1 —1D(a—-2
F(a,z)wz“‘le‘z[1+a + (a )ga ) +:| (66)
Z Z
when z — oo provided |arg z| < 37/2 that
lim g(o0) = 1, lim h(oco0) = 0. (67)
B,e—o0 B,e—>00

The latter results will be used below to study decoherence and entanglement of the central
qubits. In figure 2, we have displayed the evolution in time of p;;(¢) corresponding to the
state |— —) for different vales of N including the limit N — oo.

3.4. Second-order master equation

The second-order master equation can be derived in the interaction picture by noting that
t
) = p© 2~ [ ). Pl (68)
0

where A(t) = e A(r) e ' Tt is easy to see that

wp{[H; (1), p(0) ® pp(0)]} = 0. (69)
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Then under Born approximation, one can show that the second-order master equation yields
the following set of integro-differential equations:

pi(t) = —2°R /0 cosl2e(t — $)1[An(s) — n(s)] ds. (70)
pra(t) = —aRe™ /0 r[amzm — 2p23(5)]ds, (71)
Bis(t) = —20°R /O cosl2e(t — $)113(s) ds, (72)
(1) = —20°R /0 cosi2e(t — )2Bmls) — pu(s) — pi(s)]ds, (73)
Paa(t) = —a®Re /0 l[3ﬁ23 (s) = 2p12(s)1ds, (74)
pa3(t) = —2°R fo cosl2e(t — $)1[pss(s) — pn(s)]ds. (75)
prat) = —a’R ™ /O e 5, (5) s, (76)
Poa(t) = —20*R e /0 Zei(€+’()5,624(s)ds, (77)
paa(t) = —a’Re™ /O te—“e—“‘m(s)ds, (78)
faa(t) =0, (79)

where the correlation function is given by R = trB{J*A{* pp(0)}= trg{%pg (0)}. In the
limit N — oo, we find that R = @. Clearly, p11(t) + pxn(t) + p33(t) = 0, as it should
be because f44(t) = psa(t) = ps4(0). The time-local master equation can be obtained by
replacing the matrix elements p;;(s) in equations (70)—(79) by p;;(t). The integration of the
resulting first-order differential equations yields solutions involving the exponential function.
For example when € = 0, we find that

20212
p13(t) = p13(0) exp [—4+ g,3:| . (80)

This solution is valid only at short intervals of time; it quickly diverges from the exact solution
as ¢ increases. Nevertheless, we can see that the Gaussian behaviour is clearly reproduced.

4. Decoherence and entanglement evolution

From equation (39), we can see that the maximally entangled state |0, 0) does not evolve in
time. The corresponding one-dimensional subspace C' is thus decoherence free. Taking into
account the unitarity condition of the time evolution operator UN)UN () = 14, we find that
the state %H3 is also decoherence free. Hence, the decoherence-free subspace of our model
is of dimension 2. The qubits prepared in any linear combination of the above states do not
perceive the surrounding environment. In contrast, any other pure state decoheres evolving
into mixed one and hence loses partially or completely its purity.
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Generally speaking, the elements of the reduced density matrix show partial decoherence.
Indeed, by virtue of equations (63)—(65), it can be shown that the elements of the stationary
density matrix p(co) are given by

1
P11(00) = p33(00) = 2[(B+ 2) (ol + i) + 20,1 = )], (81)
0 0

p12(00) = pas3 (00) = 21270 : P31 - x), (82)
oi3(0) 3+ %
014(00) 034(00) 1 —i(e+k)t

= = —¢C , (84)

/’?4 ,024 2
1

p2(00) = Z[(1 = 2) (o}, + i) +205 %], (85)
p(00) =0, (86)
P44(00) = pi,, 87)

where ¥ = % (4+gp)exp [% 4+ g,B)]F [O, % 4+ gﬂ)]. Note that the latter quantity satisfies
0 < ¥ < 1. This allows us to find upper bounds of the asymptotic values of the matrix
elements p;;(#). For instance, if 203, < pf; + p% then we have p;;(00) < 1(p}, + pJ;) and
p13(00) < %p%. Similarly, when 2,032 > p?l + p§)3 then p;1(00) < %[2/032 + S(p?1 + p%)], and
022(00) < % ,082. The matrix elements p14(00) and p34(00) oscillate around half of their initial
values with period equal to 27/(e + k). When € = 0, the asymptotic state is independent of
the bath temperature.

4.1. Measures of decoherence and entanglement

Due to the decoherence process, initially pure states evolve into mixed ones. Thus it is natural
to use the extent of mixing as a measure of decoherence. This task can be carried out with the
help of the quantity

D(1) =1~ ulp(®)’], (88)
usually called linear entropy or idempotency. The above measure is effectively a monotonic
decreasing function of the purity of the system; it vanishes for pure states and reaches its
maximum value, Dp.x = %, for the completely mixed state ih.

Although the linear entropy quantifies the decoherence, it does not provide any other
information about the state of the system. The so-called fidelity, which we denote by F (), is
a measure of decoherence that quantifies the deviation from the free evolution of the system,
i.e. in the absence of the surrounding environment [33]. Explicitly, we have

F(t) =tulp(®)p@)], (89)
where p(7) describes the evolution, under the influence of the Hamiltonian operator Hy, of the
central system initially prepared in the pure state p(0), namely
el 0 0 0

0 e 0 0
0 0 e 0
0 0 0 e

plr)=eMpO)efr, e = (90)
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Figure 3. Time evolution of the linear entropy and the fidelity in the case of the initial state |[— —)
for different values of €: € = 0 (solid lines), € = 0.5« (dashed lines) and € = 2« (dotted lines)
with g8 = 10.

Note that the fidelity reaches its maximum value F,x = 1 if and only if p(t) = /(7).
Clearly, in the case of initial pure state p(0) = |V (0)) (¥ (0)|, where | W (0)) is an eigenvector
of Hy, we simply have p(t) = p(0). This means that the maximum values of the fidelity
indicate the revival of the initial state when the latter is an eigenvector of Hy. We shall use
this property when studying entanglement evolution.

In this work, we use the concurrence as a measure of entanglement between the central
qubits. Recall that the concurrence corresponding to the reduced density matrix p(¢) is defined

as [34]
C(p) = max{y/a1 — VA = VA3 = /24, 0) 1)

where A1, Ap, A3 and A4 are the eigenvalues, in descending order, of the operator
o(t) = p(t)(oy ® 0,)p*(t)(0y ® 0y) (92)

written in C? ® C? and p*(r) designates the complex conjugate of the density matrix. The
values of the concurrence range from zero, for unentangled states, to one for maximally
entangled states. Since the concurrence is invariant under unitary transformations, we can
rewrite the operator o(¢) in the basis of the space C* @ C' as

0 0 10
0 -1 0 0

o =pVpreV. V=[] " o, 93)
0 0 01

Below, we investigate decoherence and entanglement dynamics for some particular initial
states that are of interest for applications. Other states can be studied with exactly the same
method.

4.2. Results and discussion

Case I: |W(0)) = |FF). Letussuppose that the tow-qubit system is initially prepared in the
product state |- —) = |1, —1). The corresponding time-dependent density matrix is diagonal;
the idempotency is then equal to D(¢) = 1 — Zi[pii(t)]z. Since |— —) is an eigenvector of
the Hamiltonian Hy, the fidelity simplifies to F(f) = p;;(t). The time dependence of the
linear entropy is shown in figures 3 and 4 for different values of the interaction strength €
and the bath temperature 7. We can see that D(#) increases starting from its initial value,
zero, tending asymptotically to D(oco) which can be evaluated as (21 — 2% — 3X2)/32. This
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Figure 4. Time evolution of the linear entropy and the fidelity in the case of the initial state |[— —)
at different values of gB: gf = 0 (solid lines), g8 = 2 (dashed lines) and g = 20 (dotted lines)
with € = a.

at

Figure 5. (aZ] (1)) versus the scaled time «t for different values of € and gf: (i) € = 0 (solid lines),
€ = 0.5« (dashed lines) and € = 2« (dotted lines) with g8 = 10 for the figure on the left; (ii)
gp = 0 (solid lines), gB = 2 (dashed lines) and g8 = 20 (dotted lines) with ¢ = « for the figure
on the right. The initial state is [— —).

limit assumes larger values as the strength of interactions € decreases, in contrast, with the
bath temperature 7. Therefore, in order to ensure lower linear entropy, and consequently to
reduce the effect of the environment, one has to increase (decrease) the value of the ratio € /o
(temperature 7). Thus, we set ¥ = 1 to find that Dy, (c0) = 0.5. The fidelity shown in the
above figures displays reverse behaviour compared to that of D(¢); its asymptotic value turns
out to be (3 + X)/8 from which it follows that F,.x(c0) = 0.5. It is quiet interesting to note
that Dyin(00) + Fax(00) = 1.

The mean value of the operator ozl () = 2S§ () corresponding to the first spin is found to
be

(o} ()) = —[cos(er) f (1) + sin(er)£(1)]. (94)
The latter quantity decays to zero, as shown in figure 5, indicating that the asymptotic state of
the qubit is a fully mixture of the eigenvectors |+). Moreover, we can see that <azl (t)) decays

slower at low bath temperatures and large values of €. A straightforward calculation yields
the following expression of the concurrence

C(1) = max{0, 2max[y/ p11(1) p33(1), p22(1)] = 2¢/ P11 (1) p33(1) — P22 (1)} 95)

It turns out that C(#) = 0 independently of the values of € and the temperature 7. This implies
that the state of the system is always separable; neither the interaction between the central
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Figure 6. Time dependence of D(¢), F (1), ((Tzl (1)) and C(t) for different values of A in the case
of the initial state |— +): A = 0 (solid lines), A = 0.5« (dashed lines) and A = 2« (dotted lines)
with @ = 0 and g = 10.

qubits nor the coupling with the bath is able to generate entanglement. All the above results
apply for the state |[++) as well.

Case 2: |W(0)) = |—+). The state |— +) can be written as a combination of the states |1, 0)
and |0, 0), namely |[— +) = \%(H, 0) + 10, 0)). In this case, the diagonal elements together
with p4(¢) are the only non-zero elements of the reduced density matrix. The idempotency,
the fidelity and the mean value of ozl (1) are explicitly given by

D) =3 — [pii(O = [p® — [p3:(1)] — 2|pa (), (96)
F(1) = {1 +2pn (1) +4Relpau(1) "]}, (o) (1)) = —2Relp2al. 7

The time dependence of the latter quantities is similar to that of the above case. When
Q = 0, the asymptotic values of the linear entropy and the fidelity are, respectively, equal to
(21 —2%X —3%?%)/32 and (3 + X)/8. Hence we find again that Dy, (00) = Fipax(00) = 0.5
and limHoo(aZ1 (1)) =0.

The expression of the concurrence is quiet long; we will not show it here for shortness.
Nevertheless, we can distinguish to different cases. The first one corresponds to Q = 0,
the variation in time of the corresponding concurrence is displayed in figures 6 and 7 for
different values of A and 7. We can see that entanglement between the central qubits is
generated when A # 0 even though the initial state is separable. If there is no interaction
between the central spins, the concurrence is always zero. We can see that the increase and
the decay of the concurrence are faster at high temperatures and vice versa. Moreover, the
numerical simulation shows that the concurrence never exceeds the value Cy.x = 0.5: no
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Figure 7. Evolution in time of D(¢), F(t), (zrzl (1)) and C(¢) at different values of gf in the case
of the initial state |— +): g8 = 0 (solid lines), g8 = 2 (dashed lines) and g8 = 20 (dotted line)
with A = o and Q2 = 0.

maximally entangled states can be produced in this case. Note that |— +) is an eigenvector of
the Hamiltonian Hy, in the absence of the surrounding environment, the latter state remains
always separable. Roughly speaking, the interaction with the spin bath changes the state of
the central system so that the action of Hj produces, to some extent, entanglement between
the qubits.

The second case corresponds to 2 7 0. Here |— +) is not an eigenvector of H; the action
of the latter on this state periodically generates maximally entangled states. Hence, the effect
of the environment consists of reducing the amount of the produced entanglement as shown
in figure 8 . We can also see that the maximum values of C(f) occur at moments of time for
which (ozl (t)> is equal to zero.

Case 3: |W(0)) = %(|—) +]+))®2.  In this case, it can be shown that

D(t) = 1 = [paa()* = 2{[oni (O + ez () 1> + | o130 + | pa3 (1) 7}, (98)
F(t) = H1+ pn(t) + 2Re[p13 ()] + V2[(0}5 (1) + pa3(1)) 73 +c.cl), (99)
(o!®)=0. (100)

Hence, the asymptotic value of the linear entropy is equal to (267 + 114X2 — 77X) /256, from
which it follows that Dy (c0) = 19/32. The dependence of D(¢) and F(¢) on € is shown
in figure 9; their variation with respect to T is quiet similar to that of the above two cases.
The asymptotic fidelity shows periodic oscillations, its maximum value cannot be exactly
determined. Since Hj induces entanglement between the central qubits, we conclude that the
influence of the environment consists of reducing the degree of entanglement of the central
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Figure 8. Time dependence of C(t), (ofz1 (¢)) and F(r) in the case of the initial state |[— +) for
A =2a, Q=aandgB = 10.
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Figure 9. Time dependence of D(¢) and F(r) at different values of € in the case of the initial
state %(I—) +[+))®2: € = 0 (solid lines), € = 0.5« (dashed lines) and € = 2« (dotted lines) with
gp = 10.

system. This is shown in figure 10 where we have displayed the dynamics of entanglement at
different values of €.

Case 4: |W(0)) = \/%(|— +) + |[+—)). If the initial state of the qubits is the maximally
entangled state |1, 0) then the density matrix is again diagonal. Since |1, 0) is an eigenvector
of Hy, we simply get F(t) = px(t). The mean value of ozl (t) remains always zero. The
behaviour of the linear entropy and the fidelity is shown in figures 11 and 12. The asymptotic
values of the above measures are given by (5 — 2% — 3%?)/8 and (1 + £)/2, respectively.
Hence, we find that D ;,(c0) = 0 and Fy,,x(00) = 1. Note that the above values are obtained
for €, B — oo. This implies that the state of the qubits can be protected from decohering at
very low bath temperatures or when their mutual interactions are sufficiently strong.
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Figure 10. C(¢) versus «t at different values of € in the case of the initial state %(\—) + [+)®2:
€ = 0.5 (solid line), ¢ = 2« (dashed line) with g8 = 10. The concurrence corresponding to € = 0
is identically zero.
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Figure 11. Time dependence of D(r), F(¢) and C(z) at different values of € in the case of the
maximally entangled state %(lf +) + [+ —)): € = 0 (solid lines), € = 0.5« (dashed lines) and
€ = 2« (dotted lines) with g8 = 10.

The concurrence in this case is given by relation (95). We can see from figure 11 that for
€ = 0 the concurrence decays from its maximum value to vanish at a certain value of time, the
state of the two-qubit system becomes separable. This behaviour is known as the entanglement
sudden death which has been investigated for bosonic environments [35]. As we increase the
value of the interaction strength €, the concurrence approaches its initial maximum value
Cmax = 1. This happens when the fidelity, in turn, approaches its maximum value implying
that the initial state of the two-qubit system revives. For example, the asymptotic value of the
concurrence turns out to be

C(o0) = . (101)
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Figure 12. Variation in time of D(¢), F(¢) and C(¢) for different values of gB in the case of the
maximally entangled state ﬁ(\f +) + |+ —)): gB = 0 (solid lines), g8 = 2 (dashed lines) and
gpB = 20 (dotted lines) with € = a.

Since the quantity ¥ is a monotonic increasing function of both € and S, and satisfies
lim g oc X = 1, we simply obtain Cax(00) = Fiax(00) = 1. When € # 0 the concurrence
may vanish for a certain interval of time then revives again to tend to its asymptotic value
(101). If € is sufficiently large, the concurrence never vanishes as displayed in figure 11.

Case 5: |W(0)) = %(
density matrix are pj;(t), p22(t), p33(t) and p;3(¢t). Consequently, the mean value of azl (1)
remains always zero. The idempotency and the fidelity are given by

D) =1=2(puOF + 13O — [p2 (0], F(1) = pui () + pi3(1). (102)
The asymptotic values of the above measures are, respectively, given by (75 — 14% —
13%2)/128 and (9 + 3X)/16. It follows that Dy, (00) = 0.375 and Fypay (00) = 0.75

The square roots of the eigenvalues of the matrix o(#) can be easily calculated; they are
given explicitly by 02 (%), |p11(t) + p13(¢)| and |p11(t) — p13(¢)|. Hence, the concurrence in
this case is given by

C (1) = max{0, 2max[p2(1), [p11(2) + p13(D)], [p1(7) — p13(1)]]
— p22(t) = [p1 () + pi3 ()| — |p11 (1) — p13()1}- (103)
From figure 13, we can see that even when € = 0 the asymptotic value of the concurrence is
different from zero. Indeed, by a direct calculation we find
1+3%

8
implying that 0.125 < C(o00) < 0.5. By contrast with |1, 0), the maximally entangled state
%2(|1, —1) + |1, 1)) does not revive, its entanglement cannot be recovered even for large

|[++) +|— —)). In this case, the non-zero elements of the reduced

C(o0) = (104)

3
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Figure 13. Time dependence of D(r), F(t) and C(z) at different values of € in the case of the

maximally entangled state %(lf —) 4+ |++)): € = 0 (solid lines), € = 0.5« (dashed lines) and
€ = 2« (dotted lines) with g8 = 10.

values of € at very low temperatures of the bath. We also see that for noninteracting qubits,
entanglement vanishes for some interval (dark period) then revives again.

Case 6: Werner states. Let us consider Werner states

Py = 3(1 = p)ls+ p| @) (@], (105)
where |®) = LZ(|— —)+[++)and 0 < p < 1. In C* @ C! the above density matrix takes
the form

1+
£ 0 £ 0
0 22 0 o0
0 4
Py = N (106)
2 0o £ 0
1—
0 0 0o £
The corresponding stationary density matrix is then equal to
24+p(1+3) (3+X)
o 0 BT 0
0 1=p2 0 0
pw = (G+3) 24p(14%) : (107)
F56 0 5 0
1—
0 0 0 =

The maximum values of the asymptotic linear entropy and fidelity are, respectively, given
by (6 — 3p?)/8 and (1 +2p?)/4. The largest eigenvalue of the operator o> is equal to
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Figure 14. Variation in time of D(¢) and C(¢) for different values of g in the case of the maximally
entangled state % (- —=)+|++)): g8 = 0 (solid lines), g8 = 2 (dashed lines) and g8 = 20 (dotted
lines) with € = «.

(4+5p+3pXx)/16, the remaining ones read (1 — p)/4, (1 — pX)/4 and (4+ pX — p)/16.
The asymptotic value of the concurrence is then equal to

1
C(py) = max {O,g[p(32+5)—4]}. (108)
Therefore, the two-qubit system is entangled if and only if
4 (109)
> .
P 5+3%

The minimum value of p for which the asymptotic state of the qubits is entangled is equal to
0.5 which corresponds to € — oo and/or T — 0. The behaviour of the concurrence in this
case is similar to that of |®).

To conclude our discussion we note that in [36], the fidelity of any mixed state, calculated
with respect to a maximally entangled state, is shown to be bounded above by [1 + C(#)]/2.
This fully agrees with our results as can be seen in the case of the maximally entangled state
[1,0). Indeed, when py (1) > p11(¢) then C(¢) = max[20(¢t) — 1,0] = max[2F (t) — 1, 0].
The corresponding asymptotic values do satisfy the latter condition. The above equality
implies that the concurrence is equal to the negativity [36]. The critical point at which C(¢)
vanishes corresponds to F(f) = 0.5 (see figure 11). These results also hold for C(¢) and
F(t) corresponding to the state %(H +) + |— —)) at least at long times. In [37], numerical
simulation was used to study entanglement dynamics of two qubits coupled to the anisotropic
bath. The authors found that concurrence can be produced in the case of the initial states
I+ ), if the qubits are subjected to an external magnetic field. It would then be interesting to
investigate this situation analytically.

5. Conclusion

In conclusion we have studied decoherence and entanglement dynamics of two qubits
interacting with the antiferromagnetic spin bath at thermal equilibrium. The time evolution
operator of the composite system was analytically derived using symmetry properties of the
model Hamiltonian. The reduced density matrix was calculated by performing the partial
trace over the irrelevant bath degrees of freedom. In the limit of an infinite number of spins
in the environment, N, the lowering and raising operators corresponding to the total angular
momentum, as well as its z-component, converge to normal random variables. This enabled
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us to calculate the partial trace when N — oo. The above limit turns out to be a very good
approximation for finite numbers of spins. We found that the off-diagonal elements of the
reduced density matrix show partial decoherence. The decoherence-free subspace in this
model is spanned by the states |0, 0)(0, 0| and %]I3. Using the linear entropy and the fidelity,
we studied decoherence of the central qubits for different initial states. We showed that the
decay of the elements of the reduced density matrix is Gaussian, which is a hallmark of non-
Markovian dynamics. The effect of decoherence can be reduced at a low bath temperature
and strong coupling between the central qubits.

Entanglement behaviour depends on the initial states of the qubits. The concurrence
remains always zero when the central qubits are initially prepared in the pure product states
|+ +£). These remain always separable. In contrast, the qubits become entangled if they are
prepared in the states [ F) or %(| —) + |+))®2. In the latter case, the entanglement generation
is due to mutual interactions between the central qubits. The situation is different in the case
of the states |+ ) which are the eigenvectors of the free Hamiltonian when Q2 = 0: this is
an example of environment-induced entanglement. Initially entangled states lose partially or
completely their entanglement. This behaviour strongly depends on the bath temperature and
the strength of interactions between qubits. It is found that entanglement can be protected to
some extent from decohering at low bath temperatures and/or strong interactions between the
central qubits if they are prepared in the maximally entangled state |1, 0). For small values
of €, it is found that entanglement displays sudden death. Finally, I think that the results
presented here help extending the class of exactly solvable models for spin systems.
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